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A B S T R A C T

A numerical model of cometary dust environments is used to gain a deeper understanding of the relationship
between the brightness (𝐴𝑓𝜌) and the dust particle size distribution in the coma. Specifically, the spectral
ratio of 𝐴𝑓𝜌(425 nm)∕ 𝐴𝑓𝜌(900 nm) is modelled for a wide range of parameters and tied to the power-law
index. The studied parameters are dust composition, terminal outflow velocity and the dust production rate
day–night asymmetry. We find that the spectral ratio of 𝐴𝑓𝜌 modelled at 425 nm and 900 nm correlates with
the power-law index of the particle size distribution. This method could be used to place constraints on the
dust size distributions of comets and as a result improve the use of 𝐴𝑓𝜌 as a proxy for cometary activity.
Optically red dust indicates that the scattering is dominated by large particles.
1. Introduction

As comets get closer to perihelion in the inner solar system, subli-
mation occurs and the gas drags dust particles with it. The resulting
gas and dust comae around the nucleus can be seen in ground-based
observations even though the nucleus itself is typically only a few
kilometres in size. The majority of the light observed by a ground-based
observer in broad-band visible wavelengths is sunlight scattered by the
dust particles in the coma.

The brightness of a cometary coma can be quantified by 𝐴𝑓𝜌. The
𝐴𝑓𝜌 quantity was introduced by A’Hearn et al. (1984) to provide
a measure of the scattered solar radiation by a cometary coma in
order to compare measurements taken of different comets and under
differing geometrical conditions. Because the original definition of
𝐴𝑓𝜌 is complex, a more precise definition of 𝐴𝑓𝜌 = 𝑄𝑠𝑐𝑎𝑝𝑓𝜌 can be
used as discussed by Fink and Rubin (2012). The difference to the
original definition is that the albedo 𝐴 is replaced by the product of
the scattering efficiency 𝑄𝑠𝑐𝑎 and the phase function 𝑝 of the dust
particle. The filling factor 𝑓 is given by the ratio of the total geometric
cross section of the dust particles seen within the aperture to the area
of the aperture 𝜋𝜌2, where 𝜌 is the radius of aperture. For isotropic
force-free radial outflow, the column density of the dust along a line
of sight drops with 𝜌−1, which means that 𝐴𝑓𝜌 is independent of 𝜌.
For many comets the independence of 𝐴𝑓𝜌 to the aperture is a valid
first order approximation (e.g. Thomas and Keller, 1990; Baum et al.,
1992), but as discussed by Betzler et al. (2023) the comparison between
measurements acquired with different aperture radii should be treated

∗ Corresponding author.
E-mail address: nico.haslebacher@unibe.ch (N. Haslebacher).

with caution, because 𝐴𝑓𝜌 can be strongly dependent on the aperture
radius (also see Jewitt and Meech, 1987; Mazzotta Epifani et al., 2014;
Garcia et al., 2020). Because 𝐴𝑓𝜌 correlates with the number of dust
particles in the coma it has been used to estimate the activity of comets
as described by Weiler et al. (2003). In a later study by Fink and Rubin
(2012) it was found that the relationship of the mass loss rate to 𝐴𝑓𝜌
is strongly dependent upon the particle size distribution. Tubiana et al.
(2015) showed that relating coma brightness to the dust production
rate produces large uncertainties if the particle size distribution is
unknown. It was also illustrated by Marschall et al. (2022) that 𝐴𝑓𝜌 on
its own is a poor predictor of the dust production rate, but that it can be
estimated to within one order of magnitude if the dust size distribution
is known. In spite of the issues that the 𝐴𝑓𝜌 formalism has, 𝐴𝑓𝜌 is still
commonly used as a proxy for the activity of comets (e.g. Mazzotta
Epifani et al., 2007; Sárneczky et al., 2016; Bernardinelli et al., 2021;
Betzler et al., 2023). In quantitative conversions of 𝐴𝑓𝜌 to dust mass
production rates (as done by Mazzotta Epifani et al., 2014; Garcia et al.,
2020) the results are more dependent on the assumptions about the
dust than the aperture.

The poor constraints on both particle size distribution and dust
densities in the coma are not only limiting our knowledge of remotely
observed comets, but also lead to large uncertainties in the dust hazard
assessment for cometary fly-by missions (see Marschall et al., 2022).
One example is ESA’s Comet Interceptor mission (Snodgrass and Jones,
2019; Jones et al., 2024) that aims to fly-by a dynamically new comet,
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Fig. 1. Cylindrical grid as used in the numerical model. The red and green lines show an example the reflected and direct trajectories of dust particles at point P, where 𝜃 is the
emission angle (here shown for the particles on direct trajectories). The -X direction is towards the sun.
long period comet, or interstellar object for the first time. In the
case of Comet Interceptor the constraining of the dust environment
is even more challenging, because the target object is not yet known.
Dust particle impacts have been studied during previous missions such
as McDonnell et al. (1987), Curdt and Keller (1990), Reinhard (1997),
Hörz et al. (2006) and Deep Impact (A’Hearn et al., 2008). By modelling
dust particle impacts during a cometary flyby, it was shown by Hasle-
bacher et al. (2022) that the impacts can cause significant perturbations
in the attitude of a 3-axis stabilized spacecraft over a wide range of dust
production rates depending upon the fly-by velocity and geometry.

Spectroscopic observations of comets have been commonly used to
obtain gas composition information in cometary comae (e.g. Lara et al.,
2001; Bockelée-Morvan et al., 2004; Langland-Shula and Smith, 2011)
and the colour of cometary dust (e.g. Jewitt and Meech, 1986; Lin
et al., 2012; Ott et al., 2017). Further, in situ 2 μm–5 μm spectroscopic
observations acquired by Virtis-H onboard Rosetta have been used
by Bockelée-Morvan et al. (2017) to constrain the power-law index of
the particle size distribution. The colour slope of the dust coma was
previously linked to the power-law index for comet 29P/Schwassmann–
Wachmann 1 and comet C/2016 M1 by Voitko et al. (2022, 2024).

In this work, we study the wavelength dependence of 𝐴𝑓𝜌 and
its relationship to the particle size distribution by using a numerical
model to estimate 𝐴𝑓𝜌 at different wavelengths for a wide range of
parameters. We show that measuring 𝐴𝑓𝜌 for different wavelengths
can be used to constrain the dust size distribution under certain as-
sumptions. Specifically, the relationship between the spectral ratio of
𝐴𝑓𝜌 measured at 425 nm and at 900 nm to the power-law index of
the particle size distribution is derived for a wide range of boundary
conditions. The goal of this work is to enable rough estimations of the
particle size distributions of comets. Further, with better constraints on
the size distributions the use of 𝐴𝑓𝜌 as a proxy for the activity of comets
can be improved.

For signal to noise reasons, the two wavelengths were chosen to be
in the visible and near-infrared light. Additionally, a wide separation
between the two wavelengths is beneficial. The specific wavelengths
were chosen such that prominent gas emission lines such as C , C , CH
2

2 3
or CN (see Sivaraman et al., 1988; Moreels et al., 1988; Cambianica
et al., 2021; Lisse et al., 2005) could be avoided as much as possible.
Further, the spectral response of modern CCD or CMOS detectors is
wide enough to allow for the usage of one single detector for the
measurement in both selected wavelengths (see Jorden et al., 2017;
Shugarov, 2020). We note that, apart from possible signal to noise
issues, our modelling can be adjusted to allow for the use of any two
wavelengths to constrain the dust size distribution.

2. Methods

By using a numerical model of cometary dust environments it is
possible to model the expected 𝐴𝑓𝜌 for a large range of different
parameters. To optimize the running time we use a force-free radial
outflow model in addition to our full numerical model. We note that the
importance of running time optimizations is due to the large number
of particle size bins necessary to make accurate calculations. Further,
we want to be able to re-run our model for specific use cases in a
reasonable time frame. In summary we use the following two models:

• a numerical model considering both solar radiation pressure
(which means reflected particles) and a day–night asymmetry,

• an isotropic force-free radial outflow model.

In Figs. 3–5 we show that the isotropic force-free radial outflow
provides a good approximation in the context of this work compared
to the numerical model.

2.1. Assumptions

The assumptions made to keep our models simple and time-efficient
are explained below.

The coma is assumed to follow cylindrical symmetry, which makes
it possible to calculate the trajectories of the dust particles on a two-
dimensional grid (see Fig. 1). We note that this assumption is only
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Fig. 2. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for three different dust compositions. The parameters related to the outflow velocity are set as 𝑄𝑔 = 7000 kg s−1,
𝑅𝑁 = 4000 m, 𝑇𝑁 = 310 K and 𝜌𝑑 = 800 kg m−3.
Fig. 3. Relative deviation of 𝐴𝑓𝜌(425 nm)∕𝐴𝑓𝜌(900 nm) for the different dust compositions caused by a dust production rate day–night asymmetry compared to isotropic force-free
adial outflow for 𝜌 = 1500 km.
Fig. 4. Relative deviation of 𝐴𝑓𝜌(425 nm)∕𝐴𝑓𝜌(900 nm) caused by a dust production rate day–night asymmetry compared to isotropic force-free radial outflow for 𝜌 = 1500 km, 𝜌
3000 km and 𝜌 = 9000 km. The scattering properties are based on Enstatite.
t

mportant for the numerical model and is fulfilled by default in the
ase of the force-free radial outflow model.

The acceleration zone of the dust is not modelled. It is assumed
hat the dust particles are ejected at terminal velocity. As described
n Divine et al. (1986) the dust particles move along independent
allistic trajectories outside of the acceleration zone. Such a model is
alid for 𝑅 > 10𝑅𝑁 , which is generally considered to be beyond the
cceleration region (Gerig et al., 2018; Zakharov et al., 2021b).
3

The particle size distribution is modelled by using a power-law of
he form 𝑛𝑑 (𝑎) ∝ 𝑎−𝜅 , where 𝑎 is the particle size and 𝜅 is the power-

law index. We assume implicitly that the particle size distribution is
continuous. The input to our model is the particle size distribution
emitted at the nucleus surface. The particle size distribution in the coma
is less steep compared to the size distribution at the surface, because
larger particles get accelerated to lower velocities. The power-law index

of the size distribution in the coma is approximately 𝜅coma ≈ 𝜅−0.5 (see
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Fig. 5. Relative deviation of 𝐴𝑓𝜌(425 nm)∕𝐴𝑓𝜌(900 nm) caused by a dust production rate day–night asymmetry compared to isotropic force-free radial outflow for 𝜌 = 1500 km, 𝜌
3000 km and 𝜌 = 9000 km. The scattering properties are based on Amorphous carbon.
ink and Rubin, 2012; Marschall et al., 2020; Gerig, 2021). The particle
izes are assumed to be in the range 0.01 μm to 0.1 m. The lower cut-
ff of the particle size distribution is chosen such that smaller particles
re negligible for the calculation of 𝐴𝑓𝜌. As shown in Moosmüller
nd Sorensen (2018) the scattering efficiency drops off quickly for
ize parameters 2𝜋𝑎

𝜆 < 1. Hence, we can justify a cut-off at 𝑎𝑚𝑖𝑛 =
0.01 μm, which corresponds to a size parameter of 0.15 at a wavelength
of 425 nm. Additionally, the smallest particle size measured in dust
measurements of McDonnell et al. (1987) and Stardust (Hörz et al.,
2006) is approximately 0.01 μm. The largest considered particle size
is chosen as 𝑎𝑚𝑎𝑥 = 0.1 m. This choice was made based on observations
of the dust by the OSIRIS instrument (Keller et al., 2007) at comet
67P/Churyumov–Gerasimenko, which found that most particles are
smaller than 0.1 m (see Ott et al., 2017).

The dust particles are assumed to be spherical and homogeneous.
This permits the scattering properties of the dust particles to be cal-
culated based on Mie scattering theory as described by Kerker et al.
(1983), Bohren and Huffman (1998), Mishchenko (2007). We used a
code written by Moteki (2016) that we slightly modified to output the
scattering properties we need (i.e. scattering efficiency, radiation pres-
sure efficiency and phase function). We note that assuming spherical
and homogeneous particles is not a realistic representation of cometary
dust. That particles are not spherical was shown by in situ mea-
surements of collected dust by MIDAS (Micro-Imaging Dust Analysis
System) at comet 67P/Churyumov–Gerasimenko (Mannel et al., 2016)
and by Stardust at comet 81P/Wild (Wild 2) (Kearsley et al., 2008;
Brownlee, 2014). State of the art dust models use fractal aggregate dust
particles or agglomerated debris particles (see Halder, 2022; Halder
and Sengupta, 2023). T-matrix calculations as described by Mishchenko
et al. (1996) are an intermediate approach. Even though those mod-
els can provide a more realistic representation of cometary dust the
exact properties of dust aggregates and the respective composition of
their sub-units is still not known. Hence, more complex dust models
introduce a large number of unconstrained free parameters. With our
approach the parameter space is explored without this issue. Further, at
the moment the use of state of the art models is not yet a viable option
for our application, because even for relatively small particles (i.e. ≈
1 μm) high performance computing facilities are needed. Modelling
such a wide range of different particles (in size and composition)
as needed for this work is therefore not yet feasible. By using Mie
scattering we are able to model the scattering properties for the large
number of particle sizes required for this study. We chose the number
of size bins by searching for convergence. For our dust model it was
found that using 112 particle size bins (16 size bins per decade) is
sufficient by comparing it to the results produced when using 700
particle size bins (< 1% difference). Note that if the number of particle
4

size bins is too small, it can lead to over- or underestimations of the
brightness (𝐴𝑓𝜌), because there is a large variation in the brightness
(𝐴𝑓𝜌(𝑎)) in relation to the particle size. The 𝐴𝑓𝜌(𝑎) is illustrated for
112 size bins for two power-law indexes in Fig. 15. By using dust
compositions that are vastly different in their complex refractive index
(see Table 1) we can model a wide range of scattering behaviour even
if the dust particles are spherical. Further, Fink and Rubin (2012)
compared rotationally symmetric ellipsoids, cylinders and Chebyshev
particles as described by Mishchenko (1991) to spherical particles and
found that the resulting phase functions and scattering cross sections
agreed to within a few percent. They used a size parameter of 12.56
with equivalent geometric cross sections or volumes for the different
particles. As shown by Pollack and Cuzzi (1980), Mie scattering can
still be used for 2𝜋𝑎

𝜆 ≲ 20 even if the particles are not perfectly spherical
as long as the particles remain compact and have a roughly spherical
shape. For size-distributions that are dominated by small particles
(i.e. 𝜅 ≳ 3.7) the relevant particle sizes (i.e. 𝑎 ≲ 1 μm for 𝜆 = 425 nm
and 𝑎 ≲ 3 μm for 𝜆 = 900 nm, also see Fig. 15) correspond to size
parameters smaller than ∼ 20. Further, we compared 𝐴𝑓𝜌 values of
our model to the values retrieved from the model by Marschall et al.
(2022) which uses the scattering model described by Markkanen and
Agarwal (2019). Note that when comparing the models the power-law
indexes are shifted by about 0.5, because in their model it corresponds
to the size distribution in the coma whereas in our model the power-law
index corresponds to the size distribution at the surface. We reiterate
that the difference is caused by the dispersion in dust speeds which
is 𝑣𝑑 (𝑎) ∝ 𝑎−0.5 (see Fink and Rubin, 2012; Marschall et al., 2020;
Gerig, 2021). We used a wavelength of 550 nm and found that the
two models are in good agreement. In fact in the cases we tested, our
model can produce the same 𝐴𝑓𝜌 for a wider range of dust production
rates (e.g. for 𝐴𝑓𝜌 = 11 m with 𝜅coma = 3.6 our model predicts a
dust production rate 𝑄𝑑 of approximately 2000 kg s−1 to 65000 kg
s−1, while their model predicts 6000 kg s−1 ≲ 𝑄𝑑 ≲ 40000 kg s−1).
This is most likely due to the vastly different dust compositions used
in our model. The comparison indicates that the use of Mie scattering
in our model produces reliable values for 𝐴𝑓𝜌. Based on an analysis of
the scattering behaviour of inhomogeneous particles by Gronarz et al.
(2019) we estimate that the effect of inhomogeneities is smaller than
10%.

The dust particle bulk density is invariant with respect to the
particle size. We validated this assumption by comparing the parameter
space of using invariant dust bulk densities to a varying density model
stating that 𝜌𝑑 (𝑎) = 3.0−2.2( 𝑎

𝑎+𝑎0
) with 𝑎0 = 2 μm as described by Divine

et al. (1986) (see Fig. 7).
The comet nucleus is assumed to be spherical. It was shown

by Benseguane (2023) that a spherical nucleus is a good approximation
in most cases.
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The dust emission is assumed to be spatially and temporally homo-
geneous or that any inhomogeneities in the dust emission at the surface
are blurred through non point source emission and lateral transport
within the acceleration region (𝑅 < 10𝑅𝑁 ). Kramer et al. (2018)
showed that modelling the dust emission as homogeneous and static
is in good agreement with observations at comet 67P/Churyumov–
Gerasimenko.

The terminal outflow velocity is calculated with an identical ap-
proach to the model described in Marschall et al. (2022) and a more
detailed description of the underlying assumptions can be found in Za-
kharov et al. (2021a) and Zakharov et al. (2021b). The equation used
to describe the particle motion is valid for spherical, homogeneous
and isothermal dust particles with an invariable size and mass (see
Crifo et al., 2005). Further, it is assumed that the gas flow is inde-
pendent of the dust (i.e. no back-coupling and no dust sublimation or
re-condensation, Yamamoto and Ashihara, 1985).

2.2. Calculation of 𝐴𝑓𝜌

In the simplest model (isotropic force-free radial outflow), 𝐴𝑓𝜌 can
be calculated analytically by

𝐴𝑓𝜌(𝜆, 𝜙) = 𝜋
∑

𝑎
𝑎2𝑄𝑠𝑐𝑎(𝑎, 𝜆)𝑝(𝑎, 𝜙, 𝜆)

𝑄𝑑 (𝑎)
2𝑣𝑑 (𝑎)

, (1)

where 𝑄𝑑 (𝑎) is the size specific dust production rate and 𝑣𝑑 (𝑎) is the size
specific outflow velocity (Fink and Rubin, 2012). In both the analytical
and the numerical dust model the filling factor 𝑓 can be calculated by
𝑓 = 𝑁𝜎𝑔𝑒𝑜𝑚

𝜋𝜌2
, where 𝑁 is the total number of dust particles within an

aperture of projected radius 𝜌 and 𝜎𝑔𝑒𝑜𝑚 is the geometric cross-section
of a single particle. To calculate 𝑁 a column integration is performed.
By taking the sum over all size bins, 𝐴𝑓𝜌 is given by

𝐴𝑓𝜌(𝜆, 𝜙) = 1
𝜌
∑

𝑎
𝑁(𝑎)𝑎2𝑄𝑠𝑐𝑎(𝑎, 𝜆)𝑝(𝑎, 𝜙, 𝜆), (2)

where 𝑁(𝑎) is the total number of dust particles of a given size seen by
a aperture of projected radius 𝜌.

The relative contribution of each particle size bin to 𝐴𝑓𝜌 varies
with the wavelength. This is due to the wavelength dependence of 𝑄𝑠𝑐𝑎.
Specifically, the scattering efficiency in Mie theory is dependent on the
size parameter 2𝜋𝑎

𝜆 and the complex refractive index. For example using
complex refractive index of 𝑛 = 1.5 + 0 𝑖 the maximum scattering

efficiency is achieved when 2𝑎 ≈ 𝜆 (see Moosmuller and Ogren, 2017).
ence, we expect that the spectral ratio of 𝐴𝑓𝜌(𝜆1)

𝐴𝑓𝜌(𝜆2)
for 𝜆1 < 𝜆2 is posi-

ively correlated with the power-law index. In this work, we calculate
he spectral ratio of 𝐴𝑓𝜌(425 nm)

𝐴𝑓𝜌(900 nm) in the parameter space of our numerical
model and relate it to the power-law index. The studied parameters
are dust composition (as defined through the refractive index), outflow
velocity and the dust production rate day–night asymmetry.

The calculated spectral ratio is based on the assumption of in-
finitesimal bandwidths. By testing bandwidths up to 100 nm (simulating
broad-band photometry), we found that the effect of bandwidth for
𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm) is less than 1%.

To calculate the dust number densities in the coma, test particles
re emitted for all emission angles (𝜃, see Fig. 1). Using the listed

assumptions the trajectory of each test particle can be computed an-
alytically, because the dynamics of the dust particles are driven by the
solar radiation pressure outside of the acceleration region (see Divine
et al., 1986). For each grid cell the number of test particles is then
scaled to calculate the dust number density.

To calculate the effects of a dust production rate day–night asym-
metry we chose 𝜌 as 1500 km, 3000 km and 9000 km. 𝜌 needs to be
chosen such that 𝜌∕𝑅𝑁 ≥ 10 to ensure that 𝐴𝑓𝜌 is calculated beyond the
cceleration region as described by Thomas and Keller (1990) for comet
P/Halley, Gerig et al. (2018) for comet 67P/Churyumov–Gerasimenko
nd Zakharov et al. (2021b) in theoretical calculations.

The dust production rate day–night asymmetry is modelled with a
5

osine-law of the form 𝑄𝑑 (𝜃) = 𝑄𝑑 (1 + cos 𝜃), where 𝜃 is the emission
angle. In reality, a dust production rate asymmetry would most likely
be related to an asymmetry in the outflow velocity. However, for the
purpose of this work it is more interesting to study an asymmetry
in only the dust production rate, because it leads to a larger asym-
metry in the coma. An additional asymmetry in the outflow velocity
𝑣𝑑 (𝜃) = 𝑣𝑑 (1 + cos 𝜃) was tested and reduces the effects of the day–
ight asymmetry on the spectral ratio by approximately one order of
agnitude. The reason is that a lower outflow velocity on the nightside

educes the observed day–night brightness asymmetry as is clear from
he continuity equation.

Because 𝐴𝑓𝜌 is directly proportional to the dust production rate
t cancels out when taking the spectral ratio. For this reason the
pectral ratio of 𝐴𝑓𝜌 is independent of the dust production rate and
y extension the dust-to-gas ratio.

.3. Estimation of the outflow velocity

The outflow velocity is estimated based on an approximation of
he numerical solution as described by Zakharov et al. (2021b) and
arschall et al. (2022). It is calculated by

𝑑 (𝑎) =
58.903

√

𝑇𝑁
1 + 0.6

√

1.5∕𝐼𝑣
, (3)

ith

𝑣 = 4.038 ⋅ 10−29
𝑄𝑔

𝑅𝑁𝜌𝑑𝑎
√

𝑇𝑁
, (4)

where 𝑇𝑁 is the surface temperature of the nucleus, 𝑄𝑔 is the gas
production rate in molecules per second (in our case we assume pure
H2O gas with a molecular mass of 18 g/mol), 𝑅𝑁 is the nucleus
radius and 𝜌𝑑 is the bulk dust density. All parameters except the gas
production rate are in SI units. The maximum nucleus radius is set at 15
km, which is based on the size-frequency derived from the observation
of 150 long period comets by Pan-STARRS1 (Boe et al., 2019) and the
size-frequency distribution for Jupiter family comets (Belton, 2014).
The range of nucleus surface temperatures is chosen to be 280-340
K and is based on the observed temperatures of comet 9P/Tempel
1 (Groussin et al., 2007) and comet 1P/Halley (Emerich et al., 1987).
The bulk dust density is varied between 400 and 1600 kg m−3. This
range is informed by measurements of the Rosetta mission at comet
67P/Churyumov–Gerasimenko of both the average bulk density of dust
particles (Fulle et al., 2016) and the density of the nucleus (Jorda et al.,
2016).

2.4. Dust composition

In Table 1 the different dust compositions and their complex re-
fractive indexes at the used wavelengths are listed. The different dust
compositions were chosen to account for a wide range of complex
refractive indexes. As a bright material with no absorption we chose
water ice as detected by Deep Impact (Schulz et al., 2006). We chose
enstatite as the silicate composition in our model (see Hanner, 1999;
Ishii et al., 2008). We note that other silicate materials such as olivine
are viable alternatives. However, compared to the differences in the
scattering behaviour within the dust compositions used in our model,
the difference between different silicates is small. As a dark carbona-
ceous material we chose amorphous carbon which was detected by
Stardust (Matrajt et al., 2008) and is in good agreement with infrared
observations (Colangeli et al., 1989; Wooden et al., 2017; Woodward
et al., 2021). Carbon-rich dust particles were also detected by COSIMA
onboard Rosetta (Bardyn et al., 2017).
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Table 1
List of dust compositions and their complex refractive indexes for the different
wavelengths used in this work. The values are taken from Hale and Querry (1973)
for water ice, from Rucks et al. (2022) and Egan and Hilgeman (1975) for enstatite
and from Stagg and Charalampopoulos (1993) for amorphous carbon. The complex
refractive index at 550 nm was only used to calculate the radiation pressure efficiencies.

Composition 𝑛 at 425 nm 𝑛 at 550 nm 𝑛 at 900 nm

Water ice 1.34 + 0 𝑖 1.33 + 0 𝑖 1.33 + 0 𝑖
Enstatite 1.66 + 0.00003 𝑖 1.66 + 0.00002 𝑖 1.66 + 0.00043 𝑖
Amorphous carbon 2.23 + 1.10 𝑖 2.33 + 0.99 𝑖 2.53 + 0.84 𝑖

2.5. Parameter space

We explore the parameter space of our model with two approaches.
In the first approach the parameters are varied independently of each
other to quantify the effect of each parameter individually. We set
a baseline case that keeps all the parameters constant except the
parameter that is varied. Our baseline case is based on a gas production
rate 𝑄𝑔 of 7000 kg s−1, a nucleus surface temperature 𝑇𝑁 of 310 K, a
nucleus radius 𝑅𝑁 of 4000 m, a dust bulk density 𝜌𝑑 of 800 kg m−3 and

phase angle of 90◦ using the scattering properties of enstatite using
he force-free radial outflow model (i.e. no day–night asymmetry).
he values are independent of 𝜌, because the force-free radial outflow
odel is used. To study the day–night asymmetry the same baseline

ase is used, but we use the numerical model and vary both 𝜌 and
he dust composition. In the second approach all parameters except
he phase angle are varied to find the most extreme cases and with it
he boundaries of our parameter space. The phase angle is not varied,
ecause for a given observation of a comet the phase angle will be well
nown and therefore there will be no significant uncertainty due to
hase angle effects.

. Results

In Figs. 11–14 the relation of the spectral ratio of 𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm) to

the power-law index of the particle size distribution for the whole
parameter space of our model is shown. We find a correlation of the
spectral ratio 𝐴𝑓𝜌(425 nm)

𝐴𝑓𝜌(900 nm) with the power-law index. Further, the effect of
he particle size distribution on the spectral ratio dominates for power-
aws steeper than 𝜅 ≈ 3.7. In the following the individual parameters
re discussed in detail.

.1. Dust composition

In Fig. 2 we show how the spectral ratio of 𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm) is affected

by different dust compositions. The correlation of the spectral ratio of
𝐴𝑓𝜌 to the power-law index follows a similar trend for all modelled
dust compositions. But, especially for pure water ice particles, there
is a significant deviation from the other compositions for all particle
size distributions. The change in the spectral ratio of 𝐴𝑓𝜌 due to the
dust composition is comparable to the change due to the particle size
distribution for power-law indexes below ∼3.5.

.2. Day–night asymmetry

As shown in Figs. 3–5, we found that the deviation of 𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm)

due to both reflected particles or day–night asymmetries compared to
an isotropic force-free radial outflow model are negligible (less than
1.25%). The deviation fluctuates for different particle size distributions
and dust compositions, because the radiation pressure efficiency is
dependent on both particle size and scattering properties of the dust.
As shown in Figs. 3 and 5 the effect of the day–night asymmetry is
the largest in the case of amorphous carbon, which is explained by
the larger radiation pressure efficiency. But, independent of the power-
law index, the deviation is orders of magnitude smaller than the effects
6

caused by varying dust composition or activity levels and, in practise,
probably undetectable. For this reason, we use the force-free radial
outflow model to study the other parameters, which optimizes the
running time.

3.3. Outflow velocity

In the isotropic case of force-free radial outflow the dust number
density is inversely proportional to the outflow velocity of the dust. As
seen in Eqs. (3) and (4), the relationship between the particle size and
the size specific outflow velocity is non-linear. This leads to a change
in the observed particle size distribution in the coma outside of the
acceleration zone compared to the particle size distribution emitted
at the surface of the nucleus (see also McDonnell et al., 1987). We
remind the reader again that the power-law index at the surface (which
is the input to our model) and the power-law index in the coma are
linked by 𝜅coma ≈ 𝜅 − 0.5. The dust production rate 𝑄𝑑 , the nucleus
radius 𝑟𝑁 and the nucleus surface temperature 𝑇𝑁 cannot be assumed
to be independent of each other. Therefore, instead of varying each
of those three parameters individually it is more appropriate to study
them together in what we call a low, medium and high activity case as
shown in Fig. 6.

Another parameter affecting the outflow velocity is the dust bulk
density. In Fig. 7, low (𝜌𝑑 = 400 kg m−3), intermediate (𝜌𝑑 = 800 kg

−3) and high (𝜌𝑑 = 1600 kg m−3) dust bulk density cases are shown.
n addition, the constant dust bulk densities are compared to a density
odel as described by Divine et al. (1986). The density model accounts

or smaller particles being more compact and hence having larger
ensities. However, in Fig. 7 it is shown that the density model is
ncluded in the parameter space of the constant dust bulk densities. As
xpected, the results of the density model are closer to a low dust bulk
ensity for large particle dominated size distributions and closer to a
igh dust bulk density for small particle dominated size distributions.

Both the activity and the bulk dust density influence the spectral
atio more significantly for steeper power-law size distributions, as seen
n Figs. 6 and 7. The changes in the spectral ratio as a result of different
utflow velocities are due to a change in the particle size distribution
n the coma compared to the particle size distribution at the nucleus
urface. Hence, the results shown in Figs. 6 and 7 give an indication of
ow precise the relationship 𝜅coma ≈ 𝜅 − 0.5 is.

3.4. Phase angle

In Figs. 8–10 the spectral ratio of 𝐴𝑓𝜌 is shown for varying phase
angles for different dust compositions. We find that there is a similar
correlation between the spectral ratio of 𝐴𝑓𝜌 and the power-law index
for all phase angles. The strength of the phase angle effects is strongly
dependent on the dust composition. The spectral ratio in the case of
amorphous carbon particles is the least affected by varying phase angles
as shown in Fig. 10. For water ice particles, as shown in Fig. 8, the
spectral ratio of 𝐴𝑓𝜌 varies by up to ∼25%. The largest phase angle
effects occur for enstatite particles that show large phase angle effects
(up to ∼40% difference) for power-law indexes smaller than 3.7 as
shown in Fig. 9.

3.5. Constraints on the particle size distribution

The tightness of the constraints that can be placed on the power-law
index depends on the phase angle (see Figs. 11–14). In the best case
(see Fig. 11) the power-law index can be constrained to an uncertainty
of ±0.1 for small particle dominated comae, whereas in the worst case
(see Fig. 12) the uncertainty is about ±0.2. The lower boundary is found
for the inputs 𝑄𝑔 = 1000 kg s−1, 𝑅𝑁 = 1000 m, 𝑇𝑁 = 280 K and
𝜌𝐷 = 1600 kg m−3. The upper boundary is found for the inputs 𝑄𝑔
= 40,000 kg s−1, 𝑅𝑁 = 15,000 m, 𝑇𝑁 = 340 K and 𝜌𝐷 = 400 kg m−3.

ote again that the results are dependent on 𝑄 , 𝑅 and 𝑇 through
𝑔 𝑁 𝑁
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Fig. 6. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for three different activity levels. The corresponding input parameters are 𝑄𝑔 = 1000 kg s−1, 𝑅𝑁 = 1000 m and
𝑇𝑁 = 280 K for low activity, 𝑄𝑔 = 7000 kg s−1, 𝑅𝑁 = 4000 m and 𝑇𝑁 = 310 K for medium activity and 𝑄𝑔 = 40,000 kg s−1, 𝑅𝑁 = 15,000 m and 𝑇𝑁 = 340 K for high activity.
The bulk dust density is not varied and set as 𝜌𝑑 = 600 kg m−3.
Fig. 7. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for varying dust bulk densities. The remaining parameters are set at 𝑄𝑔 = 7000 kg s−1, 𝑅𝑁 = 4000 m and 𝑇𝑁 =
310 K. The scattering properties are based on astronomical silicate.
Fig. 8. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for varying phase angles between 5◦ to 120◦ in the case of a water ice dust composition.
t
u

4

the calculation of the terminal dust velocity. The dust composition
corresponding to the boundaries depends on the power-law index and
phase angle (also see Figs. 2 and 11–14). Because of the lack of
information on the statistical distribution of the input parameters to
our model, probability intervals cannot be provided. To allow for rough
estimations of the particle size distributions we fitted a function of the
form 𝜅 = 𝑎+ 𝑏

√

𝑥 + 𝑐, where 𝑥 is the spectral ratio of 𝐴𝑓𝜌 to the mean
alues taken over all the boundaries of the different compositions. We
7

c

recommend that the fits are only used for 𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm) ≳ 1.25, because

he uncertainty is too large otherwise. We also note that the fits are
ndefined for 𝐴𝑓𝜌(425 nm)

𝐴𝑓𝜌(900 nm) + 𝑐 < 0.

. Discussion

As shown in Figs. 11–14 a spectral ratio of 𝐴𝑓𝜌 can be used to
onstrain the power-law index of the particle size distribution. The
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Fig. 9. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for varying phase angles between 5◦ to 120◦ in the case of an enstatite dust composition.

Fig. 10. Spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for varying phase angles between 5◦ to 120◦ in the case of an amorphous carbon dust composition.

Fig. 11. Total model range of 𝐴𝑓𝜌(425 nm)∕𝐴𝑓𝜌(900 nm) for a phase angle of 5◦ in relation to the power-law index corresponding to the modelled parameter space. It shows the
total uncertainties due to the variation of the dust composition (see Table 1 and Fig. 2), activity from 𝑄𝑔 = 1000 kg s−1, 𝑅𝑁 = 1000 m and 𝑇𝑁 = 280 K to 𝑄𝑔 = 40,000 kg s−1, 𝑅𝑁

= 15,000 m and 𝑇𝑁 = 340 K (see Fig. 6) and dust bulk density from 400 kg m−3 to 1600 kg m−3 (see Fig. 7). The black line is a fit to the mean values (𝜅 ≈ 3.13+ 1.23
√

𝑥 − 1.05,
with 𝑥 being the spectral ratio of 𝐴𝑓𝜌).
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Fig. 12. Total model range of the spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for a phase angle of 40◦. The fit to the mean values (black line) is 𝜅 ≈ 3.20+1.20
√

𝑥 − 1.19,
with 𝑥 being the spectral ratio of 𝐴𝑓𝜌.

Fig. 13. Total model range of the spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for a phase angle of 90◦. The fit to the mean values (black line) is 𝜅 ≈ 3.23+0.95
√

𝑥 − 0.99,
with 𝑥 being the spectral ratio of 𝐴𝑓𝜌.

Fig. 14. Total model range of the spectral ratio of 𝐴𝑓𝜌 in relation to the power-law index for a phase angle of 120◦. The fit to the mean values (black line) is 𝜅 ≈ 3.20+0.95
√

𝑥 − 1.05,
with 𝑥 being the spectral ratio of 𝐴𝑓𝜌.
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Fig. 15. The plot shows 𝐴𝑓𝜌(𝑎, 𝜆) for both 425 nm (pink) and 900 nm (yellow) using enstatite dust particles following a size distribution with a power-law index of 𝜅 = 3.2
dotted) and 𝜅 = 4.2 (dashed). The baseline case as described in the methods section is used with a dust production rate of 𝑄𝑑 = 3500kg s−1. For a power-law index of 𝜅 = 3.2 the

total 𝐴𝑓𝜌(𝜆) (which is the sum over all particle size bins) is 0.41 m for 425 nm and 0.45 m for 900 nm, whereas for a power-law index of 𝜅 = 4.2 the total 𝐴𝑓𝜌(𝜆) is 54.1 m for
425 nm and 26.5 m for 900 nm.
(
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main limitation of this method is the implicit assumption that the par-
ticle size distribution follows a power-law. In most cases the dust size
distribution does not follow a simple power-law, as measured at comet
1P/Halley (McDonnell et al., 1987) and at comet 67P/Churyumov–
Gerasimenko (Merouane et al., 2016; Rinaldi et al., 2017). In both
cases the size distribution was fitted by a more complicated power-
law distribution with changes in the power-law index at certain particle
sizes. However, our modelling predicts that the wavelength dependence
in large particle dominated size distributions is small in comparison
to the wavelength dependence in small particle dominated size dis-
tributions. A distinction between small particle dominated and large
particle dominated dust size distributions should therefore be possible
nevertheless. The contribution of each particle size bin to 𝐴𝑓𝜌 is
illustrated for a small particle dominated and a large particle dominated
size distribution in Fig. 15. If light scattering is dominated by large
particles the wavelength dependence of 𝐴𝑓𝜌 is mostly lost. The loss
of the wavelength dependence can also be seen in Figs. 11–14, where
𝐴𝑓𝜌(425 nm)
𝐴𝑓𝜌(900 nm) ≈ 1 for 𝜅 = 3.2. For this reason, in a large particle dominated
egime the power-law index is least constrained by the 𝐴𝑓𝜌 ratio. For
teep particle size distributions with power-law indexes above ∼ 3.7 the
ight scattering is strongly dominated by particles smaller than ∼3 μm
t a wavelength of 900 nm and smaller than ∼1 μm at a wavelength
f 425 nm. Further, in Fig. 15 it is illustrated that even with a steep
ower-law index of 𝜅 = 4.2 most of the light is scattered by particles
arger than 0.1 μm. Hence, in small particle dominated size distributions
he constraints on the power-law index are valid for a size range of
pproximately 0.1 μm - 4 μm, because it is the particle sizes in that
ange that scatter the light.

An additional uncertainty arises from the assumption of spherical
nd homogeneous particles. The justification for this assumption is
xtensively discussed in the methods section. The results of this work
learly show that the particle size distribution has a dominant effect
ver all other parameters even if the scattering properties of the dust
omposition are varied significantly. However, if state of the art models
et computationally more manageable or if the relevant scattering
roperties are being provided our model could be easily adapted to
ifferent scattering models. A more precise modelling of the scattering
ehaviour of the dust could reduce the uncertainty of the model and
urther improve the constraints on the power-law index. We note that
n the context of the method described in this work more sophisticated
ust model still need to account for a range of dust compositions,
ecause cometary dust might be compositionally diverse (see Wooden
t al., 2017). For more complex dust particles such as fractal aggregates
ust particles or agglomerated debris particles as described by Halder
2022), Halder and Sengupta (2023) it might be necessary to modify
he equations used to calculate the outflow velocities (see Eq. (3) and
10
4)) to keep the model self consistent. We remind the reader again
hat the dust dynamics calculations assume spherical and homogeneous
articles as well (see Crifo et al., 2005; Zakharov et al., 2021a,b;
arschall et al., 2022). Assuming a constant dust particle density for all

he dust particle sizes, overestimates the influence of larger particles on
𝑓𝜌, because the outflow velocity of those particles is underestimated.
ut, we show in Fig. 7 that using a density model as described by Divine
t al. (1986) lies within the parameter space of the constant dust bulk
ensities used in our modelling. To make the most reliable constraints
n the power-law index it is recommended to use 𝜌 < 270𝑅𝑁 (which

corresponds to 𝜌 < 1500 km in the case of comet 1P/Halley), because
beyond that region a large percentage of the deviations of the column
density to 𝜌−1 is most likely due to gas contributions if broad-band
photometry is used (see Thomas and Keller, 1990). If a standard
aperture radius of 𝜌 = 10000 km (see Opitom et al., 2017; Betzler et al.,
2023) is used, possible gas contributions need to be evaluated more
carefully. We note that for signal to noise reasons, the use of broad-
band photometry is likely to be most frequent. If the gas contribution
is significantly large it can introduce a wavelength dependency of 𝐴𝑓𝜌
that is not considered in our model. It is further advised that broad-
band filters are only used if the gas emission lines are expected to be
weak. To avoid significant gas emission lines, narrow-band filters might
be preferable in some cases. Otherwise corrections of the spectral ratio
of 𝐴𝑓𝜌 might be necessary. In most cases, the measured photometric
colour of cometary dust is red (i.e. 𝐴𝑓𝜌(425 nm)

𝐴𝑓𝜌(900 nm) < 1, see Jewitt and Meech,
1986). Based on the modelling of this work, a red colour indicates a
coma that is dominated by large particles and that there is no signifi-
cant water ice component. Alternatively, the red colour can potentially
be explained by size distributions different from a simple power-law,
where the smallest particles are not the most abundant. Variations in
the spectral ratio for different aperture sizes indicate either a change
in the dust composition or a change in the size distribution which
could indicate a fragmentation of the dust (see Combi, 1994; Jones
et al., 2008). For comet 2P/Encke it was found by Jewitt (2004) that
the colour of the dust gets bluer with increasing distance from the
nucleus. This effect was explained by suggesting that there are more
small particles further away due to fragmentation. A similar result was
found for comet 67P/Churyumov–Gerasimenko by Rosenbush et al.
(2017). Our work supports the hypothesis that the blueward shift is
most likely caused by a change in the dust size distribution.

5. Conclusion

We show how spectral ratioing of 𝐴𝑓𝜌 can be used to constrain the
power-law index of the particle-size distribution. In a small particle
dominated regime (𝜅 ≳ 3.7) the power-law index can be constrained
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to an uncertainty of about ±0.1 to ±0.2 depending on the phase angle.
urther, the constraints on the power-law index for an observed comet
ould be improved by better constraining some of the inputs to our
odel (i.e. nucleus surface temperature, nucleus radius or gas produc-

ion rate). The results of this work further strengthen the hypothesis
hat dust environments with a larger number of smaller particles are
ore blue as discussed by Cochran et al. (2015). The modelling can be
one for any two wavelengths, but clearly the wider the separation, the
tronger the effects assuming that the wavelengths are dominated by
cattered light as opposed to thermal emission. If standard photometric
ilters are used, we recommend using the B and I filters in the UBVRI
ystem or g’ and z’ in the SDSS system (see Bessell, 2005). The blue and
ed HB filters as described by Farnham et al. (2000) would be another
ption. Filter pairs with a narrower separation can be used, but will
esult in looser constraints on the particle size distribution. Further,
he constraints on the power-law index from this method can be used to
ake conversions from the brightness (𝐴𝑓𝜌) to the dust production rate

more precise as discussed by Marschall et al. (2022). We find similar
trends to those described in the work by Voitko et al. (2022, 2024).
To conclusively explain the red colour seen in most observations, more
sophisticated particle size distributions need to be modelled and stud-
ied. For future cometary fly-by missions simultaneous measurements
in the scattered visible and near-infrared would be highly beneficial in
assessing the danger from dust particle impacts. Observations of comets
in relation to their heliocentric distance could be used to detect changes
in the particle size distributions.
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